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Abstract. We present an approach to computing the cactus rank for a general homoge- 
neous polynomial F 6 K[xo, . . . , x n ] and use it to show that the cactus rank of a generic 
cubic form is 12 (resp. 15, 18, 20, 22) when n = 6, (resp. n = 7, 8, 9, 10). 



Introduction 

The rank of a homogeneous polynomial or form is the minimal number of summands in a 
presentation of the form as a sum of powers of linear forms. In terms of apolarity the rank is 
the minimal degree of a smooth finite apolar subscheme, i.e. a subschemc whose homogeneous 
ideal is contained in the annihilator of the form in the ring of differential operators. Alexander 
and Hirschowitz computed the rank for a general form, in terms of its degree and number 
of variables. The minimal degree of a finite apolar subscheme for a form, allowing also 
singularities, is called the cactus rank and is, even for the general form, smaller than the 
rank. In fact for a general cubic form F £ K [xq, ■ ■ ■ , x n ] the cactus rank is at most 2n + 2, 
[Bernardi, Ranestad 2012, Theorems 3,4], and it is conjectured that this bound is sharp for 
n > 8. 

In this paper we give an approach to computing the cactus rank for a general form, and 
we apply this technique for a general cubic form with 6 < n < 10. 

Theorem 1. The cactus rank of a generic homogeneous cubic polynomial F £ K[xo, ■ . . , x n ] 
is 12 (resp. 15, 18,20,22j when n = 6, (resp. n = 7,8,9, 10 

A minimal length apolar subscheme to a form is locally Gorenstein, so our approach is 
to estimate the dimension of the component of the Hilbert scheme that parameterizes finite 
local Gorenstein schemes. Now, any finite local Gorenstein scheme is the affine spectrum of 
an Artinian local Gorenstein quotient of a polynomial ring, and each such quotient is defined 
by the annihilator of a polynomial /, when you interpret the polynomial ring as the ring of 
differential operators on /. The length of the Artinian local Gorenstein quotient therefore 
coincides with the dimension of the space of partials of the polynomial /. 

We estimate the dimension of the relevant component of the Hilbert scheme by estimating 
the dimension of the family of polynomials whose space of partials has a given dimension. 



1. Cactus rank and apolar Gorenstein subchemes 

Let S := K\xq, . . . , x n ], and consider the polynomial ring T := K[yo, ■ • ■ , y n ] acting on 
S by differentiation. To be independent of characteristic, we let S be the divided power 
ring, so that the differentiation is contraction: If a = (ctQ, . . . , a n ) and /3 = (J3q, . . . , /3 n ) are 
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multiindices, then 

I otherwise. 

In characteristic we could have used ordinary differentiation, and therefore, by abuse of 
notation, we call g(f) G S a partial of / € S for any g G T. Let Si and T\ be the degree 1 parts 
of S and T respectively. With respect to the action above (classically know as apolarity), Si 
and Xi are natural dual spaces and {xq, . . . , x n ) and (yo, ■ ■ ■ , y n ) are dual bases. In particular 
T is naturally the coordinate ring of P(Si), the projective space of 1-dimensional subspaces 
of Si, and vice versa. The annihilator of / G S is an ideal in T which we denote by f 1 - C T. 
For a homogeneous polynomials F G S the quotient Tp ^T/F 1 - is graded Artinian and 
Gorenstein since F is homogeneous and Tp is finitely generated as a K- module {Artinian). 
Tp has a 1-dimcnsional socle, the annihilator of the unique maximal ideal {Gorenstein). The 
socle in Tp is the degree d part of the ring (see e.g. [Iarrobino, Kancv 1999, Lemma 2.14]). 

Definition 1. A subscheme X C P(Si) is apolar to F G S if its homogeneous ideal Ix C T 
is contained in F^. 

Definition 2. The cactus rank cr{F) of a form F G S is the minimal length of an apolar 
subscheme X c P(Si) to F. 

A general effective method to compute the cactus rank for a form seems out of reach at 
the moment. We restrict our attention to 

Question 1. What is the cactus rank cr{F) of a general form F G S? 

The strategy of the proof of Theorem 1 is to consider the Hilbert scheme Hilbi{P n ) of 
length I subschemes of P™. In the third Veronese embedding P" — >• PV 3 / , the span of 
each subscheme F of length / is a linear space L-p of dimension at most I — 1. The cactus 

rank of a general cubic form is then the minimal I such that these linear spaces fill p( 3 
For this minimum it suffices to consider the subscheme HilbQ^(J? n ) of the Hilbert scheme 
parameterizing locally Gorenstein schemes, i.e. all of whose components are local Gorenstein 
schemes, cf. [Buczynska, Buczynski 2010, proof of Lemma 2.4]. So we let hi be the dimension 
of the subscheme Hilba y i{P n ). Since the linear span of each length I subscheme is at most 
I — 1 the cactus rank of a general cubic form F G K[xi, . . . , x n ] is then at least the minimal 
/ such that hi + l-l> ( ,l + 3 ) - 1. 

Casnati and Notari have shown that any local Gorenstein scheme of length at most 10 is 
smoothable (cf. [Casnati, Notari 2011]), so for our estimate we need only to consider locally 
Gorenstein schemes with a component To of length at least 11. Denote by HUb 1 ^^ the sub- 
scheme of the Hilbert scheme parameterizing local Gorenstein schemes of length / supported 
at the origin of A" . Let 

7i = dim Hilb l SjA'S. 

Since any Gorenstein scheme of length at most 10 is smoothable, any Gorenstein scheme 
of length I < 21 have at most one nonsmoothable component, say of length V <l. Therefore 
we can compute hi as 

hi = max{7;' + n + n(l - l')\l < V < I}. 

Now each local Gorenstein scheme in A n supported at the origin is a Gorenstein scheme 
T(/) C A™ defined by a polynomial / G K[xi, . . . ,x n ] [Iarrobino 1994, Lemma 1.2]. In 
particular the affine coordinate ring of T{f) is the quotient K[yi, . . . , y n ]/f^- The length 



3 



of r(/) equals the dimension of Diff(/), the space of partials of / of all orders. For our 
computations, we therefore consider the set of polynomials 



V t = {feK[x lt 



c n ] I dim K Diff(/) = 1} c K[ Xl , 



It is clearly a quasi afhnc algebraic set, when necessary we think of it as a scheme with its 
reduced scheme structure. Let /, g £ Vi, then 

r(/) = r(fl) c A" «• Diff(/) = Diff (g). 

But Diff(/) = Diff (5) if and only if deg/ = degg and g £ Diff(/). Therefore 

7( = dim Vi - I. 

Summarizing we get that the cactus rank of a general cubic form F £ K[xq, . . . , x n ] with 



< 10 is at least the minimal I such that 



i.e. when 



hi + I - 1 = dim V v - I' + n + n(l - l') + 1 - 1 > ( 
( n 3 3 )-n-(n + l)(/-0 



?i + 3 
3 



dimVi> > 



for l> < I. 

In [Bcrnardi, Ranestad 2012] we showed that 2n + 2 is an upper bound for the cactus 
rank of a cubic in n + 1 variables. The rank of a general cubic form F is given by the 
Alexander-Hirschowitz theorem (see [Alexander, Hirschowitz 1995]), 



r(F) = 



1 



n+l 



71 + 3 

3 



when and 8 when n = 4. Of course, the rank is an upper bound for the cactus rank. 

So for n < 7 the cactus rank is strictly smaller than 2n + 2. In fact, since Gorenstein schemes 
of length at most 10 are smoothable, the cactus rank of a general cubic form equals the rank 
for n < 5. Let 



c(n) = min 



1 



77+1 



77 + 3 

3 



,2n+ 2 



Lemma 1. The cactus rank of a general cubic form in K[x$, . . . , x n ] for 6 < 77 < 10, is c(n), 
if 

(n + l)(c(n)-Z-l) 



dimV; < 



for 11< I < c(n) - 1. 



Proof. It suffices to note that if I' < I < c(n), then ("J 3 ) 



fn+3 



(77 + l)(c(n) - 1 - I') < 



) - 77 - (77 + 1)(7 - I'). Therefore 



dim Vi < 



(^^ - n - (77 + l)(c(n) -I-/) for I < 0(77) 



means that the cactus rank of a general form is at least c(n). 



□ 
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2. HlLBERT FUNCTIONS OF LOCAL ARTINIAN GORENSTEIN SCHEMES 

In this section we interpret the Hilbcrt function of the associated graded ring of a local Ar- 
tinian Gorenstein quotient of K [j/i, . . . , y n )/ f in terms of the polynomial / E K \x\, . . . , x n ]. 
In particular we recall and interpret Iarrobino's analysis of the Hilbert function and its 
symmetric decomposition. We will apply this analysis in the next section to estimate the 
dimension of the Hilbcrt scheme of local Gorenstein schemes with given Hilbert function. 

Let / £ S = K[xi, . . . ,x n ] be a polynomial and let 

f ± = {geT\ g(f) = 0} C T 

be the annihilator ideal with respect to differentiation. The local Artinian Gorenstein quotient 
ring T f = T/f 1 - is naturally isomorphic to 

Diff (/) = {<?(/) | g e T} 

the space of all partials of /, as a T-module. 

We consider Hilbert functions on graded rings associated to nitrations of Tf. The m-adic 
filtration 

T f = m° D m D m 2 D ■ ■ ■ D m 5 D m 5+1 = 
where S = deg/, defines an associated graded ring Tf. The Loewy filtration 

T f = (0 : m 5+1 ) D (0 : m s ) D ■ • • D (0 : m 2 ) D (0 : m) D 
is distinct from the m-adic filtration, but the successive quotients are dual: 

m l /m l+1 = ((0 : m s -' l+1 )/(0 : m 5 ^))* . 

Therefore the Hilbert functions of the two associated graded rings are dual to each other. 

Consider the following sequence of ideals of Tj" induced by the Loewy filtration: For each 
a = 0, 1,2, . . . let 

C a = ©LoOm = ©to ((0 : ™ s+1 - a - 1 ) n m l ) / ((0 : m^ 1 " "*) n m' t+1 ) C T*. 
Proposition 1. [Iarrobino 1994, Theorem 1.5] The quotients 

Q(o) = C a /C a+1 , a = 0,1, 2,... 
are Tf -modules and satisfy the following reflexivity 

Q(a)* = Q(a)s- a -i- 

In particular, the Hilbert function A a j = H(Q(a)} is symmetric about (8 — a)/2, and thus 
H{TJ) has a symmetric decomposition 

H{T})=Y J Kj- 

a 

The possible symmetric decompositions of the Hilbcrt function is restricted by the fact that 
the partial sums of the symmetric decomposition are Hilbert functions of suitable quotients 
of T* f . 

Corollary 1. [Iarrobino 1994, Section 5B, p. 69] The Hilbert function of 

a 

H(T*/C Q+1 )=Y, A «J- 

a=0 

In particular every partial sum X)a=o ^ a -/ * s ^ e Hilbert function of a K -algebra generated 
in degree 1. 
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We now interpret the ideal C a and the module Q(a) in terms of the space Diff (/) of partials 
of /. This interpretation depends on the isomorphism 

r:T// ± ^Diff(/), g^g(f), 

of T-modules and _fC-vector spaces. The image of (0 : m 1 ) under the map t is precisely 
Diff so the Loewy filtration 

(0 : m) C (0 : to 2 ) C (0 : to 3 ) C • • • C (0 : to 5 ) C (0 : to.^ 1 ) = T/f 1 - 

of T/f 1 - is mapped to the degree-filtration 

K = Diff(/) C Diff(/)! c Diff(/) 2 c • • • C Diff(/) 5 = Diff(/) 

of Diff(/), where Diff is the subspace of partials of degree at most i. 
Now (0 : TO i )/(0 : to 1-1 ) = {m l ~ 1 / W)' , so the integral function 

H f (0) = 1, H f (i) = dim* Diff(/)i - dirnx Diff (/),_!, i = 1, . . . , 5, 

coincides with the Hilbert function of Tj? after reflection: 

H f {i) = H{T}){5- l ). 

On the other hand, the TO-adic filtration 

T/f 1 - D to D to 2 D • • • D to 5 D to^ 1 = 

corresponds to an order filtration on Diff(/). The order ord(g) of g 6 T is the smallest degree 
of a non-zero term of g. The order of a partial /' of / is the largest order of a g e T such 
that /' = <?(/). Thus the image 

t(to') C Diffj_i(/) 

is simply the space of partials of order at least i of /. 

The isomorphism Q(a)* = Q{a)s-a-i allows us to interpret the vector space Q{a)* as 
parameterizing partials of / of degree i and order S — a — i, modulo partials of lower degree 
or larger order. 

More precisely, let Diff(/)f C Diff(/) be the subspace of partials of degree at most i and 
order at least S — i — a, then 

Q(a)* = Diff (f)t/(DiS(f)U + Differ 1 ). 

So 

A 0l/ (i) = dim K (Q(a)t) = dim A - (Diff(/)»/(Diff(/)f_ 1 + Diff (/)•" x )) . 

Next, we enumerate possible Hilbert functions H and their possible symmetric decompo- 
sition 

a 

We denote H by its values 

H=(H(0),H(1),...,H(5)) 

and decomposition 

a 

where each A a is symmetric around (6 — a)/2, i.e. A a (i) = A a (6 — a — i). We let 

if E = 1 + + • • • + H(8 - 1) + 1 

be the sum of the values. 
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By Corollary 1, both H and each partial sum 

a 

A< a = &a 

a=Q 

are Hilbert functions of K- algebras generated in degree 1, so there are some immediate 
restrictions on these functions. First, Hilbert functions H and A< Q have positive values for 
< i < S and satisfy the Macaulay growth condition (cf. [Macaulay 1927]): If the i-binomial 
expansion of A< Q (i) is 

A< a (i) = I M + I % _ M + • • • + [ 3 \ ; m, > mi_i > • • • > rrij > j > 1, 

then 

(d A S „ (i+ i)<(7 + + i 1 ) + ( m '-; +1 ) + ... + (7 + + 1 1 

Example 1. For H(l) = 8, #(2) > 5 and = 17 the possible Hilbert functions H 
and their decompositions H = £\ Aj that satisfy the Macaulay growth conditions are the 
following: 

H = 1 8 
A = 1 7 
Ai = 1 







H 




1 


8 


G 


1 


1 




1 




A 




1 


1 


1 


1 


1 




1 , 




Ai 







5 


■5 





' 









A 2 







2 















1 


8 


5 


2 


1 




H 




1 




1 


2 


3 


2 


1 




A 




1 







2 


2 





' 




Ai 












4 













A 2 








H 


= 1 


8 


5 


1 


1 


1 


A 


= 1 


1 


1 


1 


1 


1 


Ax 


= 

















A 2 


= 


4 


4 











A 3 


= 


3 















#= 1 8 5 2 1 #=18521 

A = 12321 A = 12221 

Ai = 02200' Ai = 3 3 0' 

A 2 = 04000 A 2 = 03000 

In the Appendix we list all decompositions of Hilbert functions with = 17. 

3. Polynomials with given Hilbert function 

With the interpretation of the symmetric decomposition of the Hilbert function of Tj in 
terms of partials of /, we may now estimate the dimension of Vj. We consider the decompo- 
sition of Vi into subsets (and, when necessary, subschemes) according to the Hilbert function 
and its symmetric decomposition A: 

(2) Vi = U ff , A ^' A = U H {/ g Vi I H f = H, A f = A}. 

The union ranges over all possible Hilbert functions H whose total sum of values is / and 
all possible symmetric decompositions of H. Since the components V t H are disjoint, the 
dimension of Vi equals the dimension of the largest component V, ' . Therefore our aim is 
to compute an upper bound for the dimension of VJ ' for a given H and A. 
Let / G V" A and let 

/ = fs + fs-i + ■ ■ ■ + fo 
be the decomposition in homogeneous summands. We shall find restrictions on the summands 
fi depending on the symmetric decomposition of the Hilbert function. The leading summand 
of / and of a partial g{f) is denoted ls(/) (resp. LS(g(/))). In particular ls(/) = fs- Notice 
that the Hilbert function Hf depends only on the first summands of /. 
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Lemma 2. Let Hf = X)a>o ^ a ^ e ^ e symmetric decomposition of the Hilbert function Hf 
of f , and assume that A a = for a > a. Then Hf = Hf s+ f si ^ \-f s _ a ■ 

Proof. Observe that Hf g+ f gl ^ \-fs- a — ELo ^» = Hf- Since the other inequality is 

obvious, we get the equality. □ 

This lemma suggests a separate analysis of the higher degree and the lower degree sum- 
mands of /. However, the leading summands of the partials depend on the variables involved 
in each homogeneous summand of /, so we find it more fruitful to consider these variables. 
The symmetric decomposition A defines a filtration of Si and Xi . Recall that each symmetric 
summand A a j has values 

A aJ (i) = dim* (Diff(/)?/(Diff(/)t x + Diff (Z)f- 1 )) , i = 1, . . . , 6 - a. 
For i = 1 we get 

A aJ (l) = dim* (Diff(/)?/(Diff(/)8 +Diff(/)r 1 )) , 

so modulo the constants, A a j(l) computes the dimensions of the quotients in the order 
filtration of partials of degree 1: 

Diff(/)° c Diff(/)1 c • • • C Diff(Z)^ 2 = Diff(/V 

Let f el<[ ] be a polynomial of degree 5 with symmetric decomposition A/ = A 

for its Hilbert function Hf. Let 

i 

3=0 

then, after a change of variables if necessary, we may assume that 

(3) Diff(/)° = (l,xi, . . .,x bo ) C • • • C Diff(/)f- 2 = (l,x u . . .,x bs _ 2 ) = Diff(/)i. 

So for each i, the variables xi, . . . , x bi span the partials of / of degree one and order at least 
5 — 1 — i. In particular, Diff(/)i = (1, x\, . . . , x bs _ 2 ). 
Let 

(yi, ■ • • ,yb ,yb +i, ■■■,Vb l ,-- ■ ,2/& 5 _ 2 +i, • ■■,Vn)=Ti 

be the dual basis, i.e. Ui(xj) = Sj. In terms of the isomorphism 

r:T// ± ^Diff(/), \p]^p(f), 

a linear form x G (x ba l+ i, . . . , x ba ) is the image of a polynomial i.e. x = where 
[p] G (0 : m 2 ) n m l5_1_a , so p G T has order (5 — 1 — a. Furthermore in the dual basis of Ti 
there is a y G such that yp(f) = 1. 

The variables xi, . . . , Xb a _ 2 are precisely the ones that appear in the leading summands of 
partials of /. 

Lemma 3. The leading summand of a partial of f of degree S — i and order j lies in 
K[xi, . . . ,.t 6i _J. 

Proof. Let g be the leading summand of a partial of / of degree 8 — i and order j, then any 
partial x of degree one of g is a partial of order at least S — i + j — 1 of / and therefore lies 
in (xi, . . . jXf,^}. Therefore g G K[x±, . . . ,x bi _A. □ 

There may be variables appearing in / that do not show up in the leading summands 
of partials of /. It is tempting to call them exotic variables, but we reserve exotic for the 
following related summands of /. 
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Definition 3. Let / = fs ^ 1- /o € S be the homogeneous decomposition of /. An exotic 

summand of degree 5 — i is a form fs-i,oo £ (x^+i, ■ ■ ■ ,x n )if[xi, . . . ,x n ] such that the degree 
S — i homogeneous summand of / can be written as 

fs —i fs — i , i ~l~ fs — i.oo: 

with fs-i,i e if [xi, . . . ,Xbi\- 

Let / 6 if [xi, . . . , Xfc] with Diff(/)i = (1, x 1; . . . , Xfc) and let 

(4) := {f e K[xi,...,x k+m ] | /- / e (x fe+ i,...,x fe+m ), 

ff / = ir / ,Diff(/) 1 = Diflf(/) 1 }. 

For our dimension estimates we aim at a characterization of the family WJ 1 . For this we 
choose a suitable basis for Diff(/). 

Remark 1. We choose a basis {/ii,j,r}(j j r ) e j f° r Diff (/), where 

I = {(i,j,r) \ 0<i<8, 0<j<6-2, 1 < r < A^fi)}, 
such that for < i < 5 and < j < S - 2, 

■ • ■ , hi t j : A f:j (i) 

are partials of / of degree i and order 8 — i — j. In particular, we may take /lo^.i — lj ari( l 
^.5,0,1 = /• We can then choose a set of polynomials {<?ij,r}(j j r \ e i hi if [?/i! ■ • ■ j ?/fc] sucn that, 
for each (i,j,r) 6 I, 

9i,j,r(f) = and orcl (ffij,r) = Ord(/li,j, r ). 

Example 2. We choose a basis for Diff (/) in an example. Let / = X! 6 + Xi 3 X2- Its Hilbert 
function decomposition is 

Hf =12 11111 

A /j0 =1111111 
A /4 ,A^ 2 ,A /i3 = 0000000 
Af j4 = 1 

and if we take 

^6,0,1 = /, ^5,0,1 = xi 5 + xi 2 x 2 , /i 4 ,o,i = X! 4 + xix 2 , ft,3,o,i = £i 3 + x 2 , 

h2flS—X\ 2 , hlfi,X=X\, ^1,4,1 = %2, ^0,0,1 = 1, 

we get a basis for Diff(/) as described above in Remark 1. Taking 

flV-,0,1 = yi 6 ^ r ' for < r < 6 and 51,4,1 = (2/1 3 - J/2), 

we have elements in if [2/1,2/2] as described. Note that xi 3 x 2 is an exotic summand of /. 

Now let / = xi 6 + xi 4 X3 + xi 3 X2 + xi 2 X3 2 + X1X2X3 + X3 3 . We can check that Hj = Hf } 
Diff(/)i = Diff(/)i and 

f = f + x 3 (xi 4 + Xl 2 X 3 + X1X2 + x 3 2 ) , 

therefore / e Wj. Moreover Diff(/) is spanned by the partials 2?6,o,i(/)) • ■ • , <7o,o,i(/)- Since 
X3 does not appear in Diff (/)i, the summands xi 4 X3, xi 3 X2 + xi 2 X3 2 and X1X2X3 + X3 3 are all 
exotic summands of /, in degrees 5, 4 and 3, respectively. Note that if we omit the summand 
xi 4 X3, we get a polynomial G = xi 6 + xi 3 x 2 + xi 2 X3 2 + X1X2X3 + x 3 3 with Hq ^ Hf, so we 
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get a polynomial that is no longer in Wj. Furthermore, xi 2 x 3 2 and x\x 2 x 3 + x 3 3 are not 
exotic summands of G. The distinct property of /, as an element of Wj, is that we can write 

/ / • •<•.■, • .<?(/) + ■ g 2 (.f) + ■<■/■ ■ 5 3 (/), 
with 3 = 34,0,1- Observe that the morphism 

K[yi,y 2 ,y 3 ]/f ± -> K[y 1 ,y 2 ]/f ± ; (2/1,2/2,2/3) ^ (2/1,2/2,5) 
is an isomorphism, i.e. Tf and Tf are isomorphic rings. 

Example 3. Let us look at a different case. Let / = x\ + X2 6 + x± 2 x 2 2 . Its Hilbert function 
decomposition is 

H f = 1 2 3 2 2 2 1 1 
A/,o = 11111111 
A fs = 01111100 
A f ' fi = 00000000 
A f ] 3 = 00100000 



and if we take 



^7,0,1 


= /, 


^6,0,1 = 


xi 6 - 


h x 1 x 2 2 , 


^■5,0,1 


= xi 5 + 


^4,0,1 


= *i 4 , 


^4,1,1 = 


X2 4 - 


Vx x 2 , 


^3,0,1 


= X! 3 , 


^2,0,1 




h 2 ,i,i = 


X 2 2 , 




^2,3,1 


= XiX 2: 


^1,1,1 


= x 2 , 


fro, 0,1 = 


1, 









X 2 2 , ^5,1,1 = X 2 5 + Xi 2 X 2 , 
^3,1,1 = X 2 3 , 



we get a basis for Diff(/) as described in Remark 1. Taking 

57,0,1 = 1, 36,o,i = 2/1, 35,o,i = 2/i 2 , 55,1,1 = 2/2, 

34,o,i = 2/i 3 , 34,i,i = 2/2 2 , 33,0,1 = 2/i 4 , 33,i,i = 2/2 3 , 

32,0,1 = 2/i 5 , 32.1,1 = 2/2 4 , 32,3,1 = 2/12/2, 31,0,1 = 2/i 6 , 
31.1,1 = 2/2 5 , 3o,o,i = 2/i 7 , 

we have elements in K [31,2/2] as described. 

Now let / = .Ti 7 + x\ 5 X3 + X2 6 + xi 2 x 2 2 + x\x 2 x 3 + x 2 2 x 3 . Its Hilbert function is now 

different from Hf and has decomposition 

Hf = 1 3 4 3 3 2 1 1 

A? = 11111111 

Aj\ = 01111100 

Af[ 2 = 01111000 

Af[ 3 = 00100000 

Therefore Diff(/)i = Diff(/)i © (2:3), and 

f = f + x 3 (xi 5 + XiX 2 + x 2 2 ) ■ 

We have a different situation to the one in previous example, but there are similarities: We 
may check that although Diff(/) is not spanned by the partials 37,o,i(/), • ■ • ,3o,o,i(/), these 
are linearly independent. Also 

/ = Xi + X 2 6 + X 2 X 2 2 + X 3 (xi 5 + X1X2 + X 2 2 ) + 

= / + x 3 ■ g(f) + r,~ ■ g 2 (f) + x 3 3 ■ g 3 (f) + G, 



x 3 2 x 3 + x 3 3 xi 
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where g = 55,0,1 + 32,3,1 and G = — X3 2 xi 3 — X3 3 x\. So if we set f' = f — G, we get that 
/' G Wj, i.e. /' has the same Hilbert function as /. 

These two examples suggest that a way to compute the dimension of V l ' is to deal 
separately with exotic summands and 11011 exotic ones. Our goal is to write dim (V l H ' A ) as 
a sum of the dimensions of two sets, one of which consists of polynomials without exotic 
summands (see Lemma 7), while the other consists of the possible exotic summands for a 
given polynomial. We will provide a bound for the dimension of the first set in Section 4. 
For the second set we first want to understand the exotic summands. In the remainder of 
this section wc will show that they are intrinsically related to the partials of the polynomial 
(Corollary 3). 

The following two results fully explain the exotic summands described in the previous 
two examples. Note that in those examples the monomials involving a; 3 that are present in 
the new exotic summands of / can all be obtained from sums of type X)«>o x 3 l 9 l (f)- Wc 
will see that if we have a polynomial / € K[x\, . . . ,x k \ and add a few terms involving new 
variables Xk+i, ■ ■ ■ ,Xk+ m to get a polynomial / S K\x\, . . . ,Xk+ m ] whose Hilbert function 
decomposition A^ coincides with Ay in the first summands, and ask for a few extra technical 

details, then the parts of the exotic summands of / involving the new variables Xk+i, ■ • ■ , Xk+ m 
can all be written as sums of products of powers of these variables and partials of /. 

Lemma 4. Let f 6 K\x\, . . . , Xk] be a polynomial of degree S and a > an integer such that 

Diff(/)i = (l,x 1: ...,Xk}, and A /iJ7 -(l) = for all j> a. 

Consider a basis {gij_ r (f) = h^j^}^ . r ^ £ j for Diff(/), with polynomials gij, r in K[yi, . . . ,yk], 
as described in Remark 1. 

Let f £ K[x\, . . . , Xk+m] be a polynomial such that 

(1) /-/ S (x k+1 ,...,x k+m ), 

(2) (xi, . . . , Xk) are the linear partials of f of order at least S — a. 

Then the partials \9i,j,r{f)} ^ j r \ e j are linearly independent elements o/Diff(/). More- 
over, if (i,j,r) G / and j < a, then 

deg5ij>(/) = i and ordg ?jVr (/) =8 -i- j. 

and the leading summand satisfy LS (gi,j,r{f)) = LS(/ii Jir ). 

Proof. Write 

f = f + Xk+lfl H h Xk+mfrn- 

Then, for each (i, j, r) s /, since gij, r is in K[y±, . . . ,yk), we have 

9i,j,r(f) = 9i,j,r(f) + Zfc+lffwC/l) H h Xk+ m 9i,j,r(fm)- 

The variables Xk+i, ■ • ■ , Xk+ m do not occur in gi.j, r {f ), so the leading summand LS (<7i,j,r(/)) 
cannot be cancelled by Xk+igij, r (fi) + ■ • ■ + %k+mgi,j,r(fm)- The leading summands of the 
partials { LS (gi,j,r(f)) }^ ^ r ^ g7 are linearly independent, since, if we order each of them lexi- 
cographically, the first monomials coincide with the first monomials of {ls (9i,j,r(f)) }^ j r ) e j- 

Therefore the partials \gi,j,r(f)} ^ j r \ eJ are linearly independent elements of Diff(/). 
Now take j < a. We have 

degSi,j,r(/) > degg itj! r(f) = i. 
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On the other hand, ord gij, r (f) > ord gij, r = oxd gijAf) = 8 — i — j , so 

8 - deg g i!jt r(f) - ordgjj, r (/) < j < a. 
Thus any partial of degree one of LS (gi,j,r(f)) has order at least 

deg5ij>(/) + ord.g 4J . r (/) -1 = 8 - j -1> 8 - a, 
i.e. is contained in (x\, . . . , Xk). Therefore LS (gi,j, r (f)) & K[x\, . . . , Xk]- In particular, 

LS (gi.jAf)) = LS (9i,jAf)) = LS (hi,j,r), 
and the partials {gi,jAf)}^j , r)eI , J<a satisfy 

degffij,r(/) = deggijAf) = dcgh iJ:r = i 

and 

ovdgijAf) = oid g it jAf) = ord/i i)Jir = J — * — j. 

□ 

Lemma 5. Let / G if [xi, . . . , X&] and a > be as in Lemma 4- Let {gi,j, r (f) = ^i.j.r}^ j r ) e j 
oe a oasis /or Diff (/) imi/i <7ij, r £ if [j/i, ■ • ■ , Uk], as described in Remark 1. 
Let f G if [x±, . . . , Xfc+m] be a polynomial such that 

(1) / -/ e (x fe+ i,...,x fc+m ), 

(2) (a) eitfier Diff(/)! = Diff(/)i © (afc+i, . . . ,x fe+m >, 
(b) orDiff(/) 1 =Diff(/) 1; 

(3) (xi, . . . , x&) are i/ie linear partials of f of order at least 6 — a, and 

(4) forO<j <a, A fj =A fj . 

Then there are elements <pi, . . . , <p m € {gi,j,r)(ij,r)ei °f order at least two such that 

(*) /= Xh+l il '--Xk+ m im -(<t>l il ---<i>m im )(f)+G, 

il,...,»m>0 

where G is a polynomial of degree at most 8 — a. 

Proof. By Lemma 4, the partials {flt,3,r(/)}^ j- r ) e j arG linearly independent polynomials in 
Diff(/). Let {9i,j, r } r iijr ) £I > be polynomials in K[y 1 , . . .,y k + m ] such that 

( 5 ) Diff (/) = (9uAf)) (i j, r)eI © <^>(/)> fe>)e ^ 

where g[ j r (f) have degree i < 5 — a — 1 and order <5 — i — j and 

I' = {(i,j,r) \ 0<i<8-a-l, a < j < 5 - 2, 1 < r < A fij (i)}. 
We will use induction on m. Let m = 1, and write 

/ = / + Xjfe+l/l. 

Since x k +i cannot occur in the leading summand of /, we have deg/i < 5 — 2. Furthermore 

Vk+l(f) = h, 
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i.e. fx is a partial of /. Therefore fi = </>(/) for some 4> of order at least 1. By (5), we can 
write <f> = <f>i + ^i, where <f>i G (gi,j,r) {l j r)eI and ipi G (ff J ' J ,r) (jJjr)eJ ,- Then <M^fc+i) = 
and tf>i(f) has degree at most 5 — a — 1. We get 

/ = / + xk+i ■ 4>{f) 

= f + Xk+l ■ <M/) + Xk+l ■ "0l(/) 

= / + Xk+i ■ 4>\{f) + Gi, degd<(5-a 
= f + x k+1 - ( f> 1 (f + x k+1 -Mf) + G 1 )+G 1 

= J + x k+1 -Mf)+ Xk+i 2 ■ 4>i 2 [f) + G 2 , deg G 2 < 5 - a 

and iterating this further we get 

/ = Y, x k+i l - + G > degG<5-a. 

Suppose now that the result holds for m — 1. Write 

f = f + Xk+lfl H h Xk+ m f m , 

where for each r G {1, . . . , m}, f r G K[xi, . . . , ccfc + i, . . . , Xfc+r], and let 

f = f — Xk+mfm = f + ^fc+l/l H h Xk+m-lfm-1- 

Then the partials {gi,j,r(f')} u j r \ GJ are linearly independent elements of Diff(/'). Observe 
that LS (gi,j,r(f)) (xi, ■ ■ ■ , Xk, 0, . . . , 0) = LS(hij yr ). Now, by induction there are elements 

01, ■ • ■ , 4>m G (gi,j,r) (i,j, r )G/ SUCn tliat 

/'= ^+i ll ---x fc+m _ 1 ^- 1 •0 1 4l ---0 m _ 1 ' i — 1 (/) + G', 

ii,...,i m _i>0 

where the sum is taken as in (*) and G' has degree at most 5 — a . Again, since x k + m cannot 
be in the leading summand of /, we must have dcg/ m < S — 2. Now y k + m (f) = fmj which 
means that f m is a partial of /, i.e. f m = </>(/) for some form <fi of order greater than 0. As 
before, write <j> = 4> m + VVn, with <p m G (.9i,i,r) (i J>)g7 and ip m G (g'i,j t r)u j r \ £l r We now S et 

/ = /' + Xk+m ■ <f>(f) 

= /' + X k+m ■ (0m + 1pm)(f) 

= f + Xk+m ■ 4>m(f) + Xk+m 1 ^Pm(f) 

= x *+™ m • 0™ + G", 

i m >0 

= •••^+™ m -01 81 ■■■Cj>m m (f)+G, 

i lt ...,i m >0 

where the sum runs again as in (*) and G has degree at most S — a. 

It remains to show that 0i, . . . , </> m have order at least two. Suppose that 4> r has order one 
for some r G {1, . . . , m}. Write </v = L + Q, where L — axyi + • • • + a k y k / and ord Q > 2. 
Let t G {1, . . . , k} be such that a t ^ 0. Since x t is a partial of order at least S — a, there exists 
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rj G K[yi, . . . , yk] such that r](f) = xt and ordry = ovdxt > 8 — a. Therefore 77(G) is a con- 
stant. Note that (4>uf])(f) = <l>u{xt) is also a constant, for all u £ {1, . . . , m}, and moreover, 
tp r (xt) = at ^ 0. So 

?/(/) = E ' ' ' X k+m lm ■ 4>i n ■ ■ ■ 4>7n m V(f) + V(G) = X t + a t X k+r + M, 

ii,...,i TO >0 

where M = J2 u ^ r Xk+ U 4>u{xt) + f}{G) and has degree at most one. In fact, if i\ + • • • + i m > 2, 
then cf>i 11 ■ ■ ■ 4>m %m "n{f) = 0. Now combining hypotheses (3) and (4), we can see that all linear 
partials of / of order at least S — a lie in (xi, . ..,Xfe) and we get a contradiction, because 
i](f) is a linear partial of / of order at least 5 — a and 7?(/) ^ (xi, . . . , X&). 

This completes the proof of the lemma. □ 

We may now give a characterization of the family Wj n defined in (4) for / 6 K[x\, . . . , Xfc]. 
Recall the definition: 

Wf := {/ e K[xi, . . . , Xk +m ] I / - / 6 Ofc+i, • • ■ , x fc+m ) 

H I = H f ,BiS(f) 1 =T)ie(f) 1 = (xi,...,x fc )}. 

Lemma 6. Lei / S if [xi, . . . , Xk] be as in Lemma 4 and let f £ K[x\, . . . , Xk+ m ] be any 
polynomial. Then f e Wj n if and only if there are elements (f>i, . . . , <p m S K\y\,..., yk] of 
order at least two such that 

(6) /= ^2 X k+1 H ■■•Xk+m lm ■ ((fil 1 ■•■<t>m %m ) (/)• 

ii,...,i m >0 

Proof. If / s WJ", the hypotheses of Lemma 4 are satisfied and we have the additional 
assumption that Hj = Hf. Then the partials {9i,j,r(J)\ u j r \ &1 are linearly independent 
elements of Diff(/), and since dim/f Diff (/) = dim^ Diff (/), we get that these partials span 
Diff(/). We can follow the proof of Lemma 5 and see that we get G = in (*), so / can be 
written as in (6). 

For the converse, if / is as in (6), clearly / — / e (xfc+i, ■ • • ,Xk+ m )- By Remark 1, we 
can consider a basis hi,...,h p for Diff(/) and polynomials gi, . . . , g p in K[y\,. . . ,yk], with 
9r(f) = h r . For any r € {1, . . . ,p}, we get 

9r(f) = ^ X k+I n ■ ■■Xk+m lm ■ (01* 1 • ■■<f>m lm ) (gr(f)), 
i 1 ,...,i m >0 

and since all <j>\,. . . ,<j> m have order at least two, we get LS (g r (f)) = LS (g r (f)) , so 
gi(f), . . . , g P (f) are linearly independent elements of Diff (/). Thus Hj(i) > Hf(i) for each i. 

Now let ip G K[y\, . . . ,yk+m\ be any differential. We wish to show that the fact that 
(p(f) £ (gi{f), ■ ■ ■ 1 9p(f)) will imply = Hf. Let re {1, . . . , m} and observe that 

Vk+rU) = 4>r(f)- 

Therefore 

<p(yi, yk+ m )(f) = fivu ■■■,Vk,<f>i,---, <t>m){f), 

so we can assume that ip S K[yi, . . . , y^]. But then 

¥>(/) = E • • ■ X h+™ im ■ (01 41 • • -0m lm ) 

ii,...,i m >0 

so since ^(/) e . . -,9 P (f)), we get that y>(/) G (gi(f), ■ ■ -,9p(f)) and thus H? = Hf. 



14 



ALESSANDRA BERNARDI, PEDRO MACIAS MARQUES, KRISTIAN RANESTAD 



To conclude our result, let rji , . . . , rjk € K[y\, . . . , j/fe] be such that r] r (f) = x r , for 1 < r < k. 

So 

i ll ...,i rn >0 

since all <j)\,..., 4> m have order at least two. Therefore Diff (f)x C Diff(/) 1 and since their 
dimensions agree, we get equality. □ 

Note, as in Example 2, that the apolar Gorenstein rings Tj with / € WJ 1 are isomorphic 
to Tf but define different embeddings in A". 

Corollary 2. Let f G K[xi, . . . , x n ] be written as a sum f = /( ) + /(i) + ■ • • + f(s~i), where 
/(o) G •••,£&<,]> 

/(i) £ (a; 6i _ 1+1 , • • - ,a:6 < >-K'[a;i, ■ • •,£&,], for < i < 5 - 1, 

and 

f(S-i) S (a; bs _ 2+ i, . . . ,x n )K[xi, . . . ,x n ] 

and denote 

f(<i) = /(o) + /(i) H 1- /(*)• 

For eac/i i = 0, . . . , <5 — 2, Zet g,.i, . . . , <?i !ri &e elements in K[yi, . . . , y^J suc/i that the partials 

9i,l (/(<*)) ) ■ • -iffi,^ (/(<i)) 
/orra a oasis /or Diff (f(<i)), as described in Remark 1. Then it is possible to write 

(7) 

/(<;) = E ^_ 1+ i 5Vl+1 • --x^ • • (/(<i-i)) + G h 

j6 4 _i+i > — >o 

/or < i < <5 — 1, and 

(8) 

/(<«-!) = S 3%*- a +l A, - S + 1 ' ■ ■ ■ (<t>b t -2+l h '-' +1 ■ • ' 4>n n ) (/(<<5-2)) + Gs-1, 

3b s _ 2 +l,-,3n>0 

where </> bi _ 1+ i, . . . , <f> bi e (gi-i,i, . ■ .,9i-i, ri -i) an d <t>b S - 2 +^ ■ ■ ■ An € (.95-2, i, ■ • ■ ,.95-2,r 5 _ 2 ) 
are elements of order at least two such that, for each k € {1, . . . , n}, 

(/(<i— i)) is a partial of /(<j_i) of degree e, with (5 — i — l<e<(5 — 2, 

and Gi /ias degree at most 8 — i and, for i < S — 1, it does not involve any exotic summand 
°/ /(<*)■ 

Proof. If we apply Lemma 5 to each pair (/(<j_i), /(<j)), for < i < <5 — 1, we see that it is 
possible to write /(<•;) as in (7) with Gi a polynomial in ^[xi, . . . , x bi ], or, in case i = S — 1, 
as in (8), with degG^ < <5 — i. Since, by definition, an exotic summand of degree at most 
S — i must belong to (x bi +i, ■ ■ ■ , x n )K[x\, . . . , x n ], we get that Gi has no exotic summands 
of /(<<), for i < 6- 1. □ 
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Corollary 3. Let f G K[x\, . . . ,x n }- Then we can write f = fa + fp such that f a has no 
exotic summands and 

5-1 

( 9 ) h = E E s6*-i+i i4i - l+1 ■ ■• V 6< ■ (V 1+ i jVi 

*=1 + — >o 
where, for each k £ {1, . . . ,n}, <f>k has order at least 2 and 

4>k (/(<i-i)) * s a partial of /(<i-i) o/ degree e, with 5 — i — l<e<5 — 2. 
as in Corollary 2. 

Proof. If there exists i < 5 — 2 such that / G K\x\, . . . , x&J, then / = /(<,) in the notation 
above. We apply (7) in Corollary 2 recursively to obtain / = fp + G,, with as in (9). 
Then Gi does not involve exotic terms of /, so we can set f a — G t and we are done. 

Otherwise / = fi<s-x)- We apply (7) in Corollary 2 recursively and obtain f = fp + Gs-i, 
again with fp as in (9). In this case Gs-i = a±xi + • — h a n x n + bo may involve exotic 
summands of /. However, we can choose a differential r\ such that r\ \f(<s-2)) = 1- We may 
replace in (9), for b$-2 < r <n, each (ft r by (j) r + a r r\. Then we get / = f a + fp, with f a a 
linear polynomial in K[x\, . . . , Xb s _ 2 ], without exotic summands of /. □ 

With the decomposition of a polynomial of Corollary 3 we may in the next section estimate 
the dimension of the family of polynomials with a given Hilbert function. 



(/(<i-i)), 



4. Dimension estimates 

We estimate the dimensions that allow us to conclude the proof of Theorem 1. We first 
consider the family of possible exotic summands in a polynomial. 
Let 

Vj ff ' A ' ne := |/ G V t H ' A I / has no exotic summands j . 

Lemma 7. The dimension d of the family V t H ' A satisfies 

d = dimV^' ,ne + doo, 

where 

5-2 i-1 

(10) doc - E( n - b ^ E A ^ s - 1 - + ( n - h& -^- 

1=1 j=0 

Proof. By Corollary 3 the exotic summand of /(<j) involving the variables . . . , cc{, i 

appears in 

8-2 

h = E E ^-i+i A '- l+1 • •• V* 4 • (^_ 1+ i A< - i+1 • (/(<<-u) . 

»=i >o 

so the dimension of the family of possible exotic summands of /(<j) involving the variables 
Xbi-!+i, ■ ■ ■ ,%bi is 

i-2 j 

= (h - 6i_i) E E - 2 - •?')• 

j=0 fc=0 
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Similarly, the dimension of the family W? bs 2 , of possible exotic summands of / involving 

7(5-1) 

the variables Xb 5 _ 2 +i, . . . ,x n , is 

5-3 j 

d S -i,oc = {n-b s _ 2 )J2J2 Ak ^~ 2 ~^ + ^ n ~ b5 - 2 ^ 

3=0 k=0 

The last summand concerns linear forms in the variables x& 4 _ a +i . . . ,x n . These values add 
up to 

5-2 i-2 3 5-3 j 

rfoo = ]T(&, - 6i-i) £ -2 - i) + (n- 65-2) £ A fe (<5 - 2 - j) + (n- 6 4 _ 2 ). 

i=l 3=0 fc=0 3=0 k=0 

And carefully rearranging this sum, we can get the expression in (10). □ 

It remains to estimate the dimension of Vj H ' A ' ne . Thus we assume that f = f a and has 
no exotic summands and consider the decomposition of / in homogeneous summands: 

/ = /« + ••• + h + fo- 

We compute inductively, starting with fg, an upper bound di for the dimension of the family of 
summands fi for the family of polynomials / 6 VJ^' A ' nc with a given partial sum fs + - ■ -+/s+i . 

In the largest degree 5 the summand f$ is a form with Hilbcrt function Aq. In particular, 
it depends on bo — Ao(l) variables, with a Ao(2)-dimcnsional space of second order partials, 
so if S > 4 we may take 



b + l 
2 



A (2) + 1 



bo + l 
2 



A (2) 



The second summand is a lower bound for the codimension of the rank Ao(2) locus for a 
symmetric submatrix of a catalccticant matrix in degrees ((5 — 2) x 2, therefore if S = 3 we 
simply taked 3 < 

For the lower degree summands in /, the dimension estimate is more involved. If i > 0, 
and S — i > 4, then the form fg-i is a form of degree S — i in bi variables. Let D-z(fs-i) C T 2 
be a subspacc of quadratic forms in yx, . . . , y^, isomorphic to the space of partials of fg-i of 
order 2. Then r(D 2 (/)) C Diff(/) is a subspace of partials of degree at least <5 — i — 2 and 
order at least 2. Therefore the space of partials of order 2 of fg-i is bounded by 



so it depends on 
(12) 



i i-j+2 
3=0 fc=2 



6-i + bi-i\ ({ bi t x )-a 



IS-i 



b, - 1 



parameters. 

In degrees three, two, one and zero the estimates are 
(13) d 3 < d 2 < 2 +1 ^)' d! = bg-2, and d = 1. 

Finally, having estimated the dimension of the space of exotic summands, and of the 
polynomials with a given Hilbert function, with a given filtration of space of variables, it 
remains to estimate the dimension of the set of nitrations of (xi, . . . , x n ) with respect to the 
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symmetric decomposition of H . It is parameterized by the flag variety Fl(bo, b\, ... , H(l), n) 
The dimension of Fl(bo, b\, . . . , bg, n) is 

(14) d A < b (n - b ) + (61 - b )(n - 61) + • • ■ + (b s - b 5 -i){n - b 5 ) = ^ Aj(l)(n - bj) 

3 

Putting formulas (10), (11), (12), (13) and (14) together, we get: 

Proposition 2. The dimension of the subscheme VJ^' A of polynomials f G K\x\, . . . , x n 
with dimxDiff(/) = I, Hilbert function H and symmetric decomposition A is bounded by 

(15) dimVf^ 



< d = ^Jtfc-i 4 

i>0 

'bo - 1 + 
60-I 

5-4 

E 



d A 

<5> 



1/2 



60 + I 
2 



A (2) + l 



&o + l 
2 



A (2) 



i=l 

3 



• i + h ■ 
b, - 1 



6-2 

E 



(n - b t ) A *( 6 - * - 1) J + (n - 6*-a). 



Example 4. With n = 8 and 



# = 1 4 5 4 1 1 1 
A = 1111111 
A 2 = 0343000 

we get that 6 = 6,1 = 17, A (l) = 1, A 2 (l) = 3 and 

(60, h, b 2 , b 3 , h, 65, K) = (1, 1, 4, 4, 4, 4, 4). 

4, d 2 = 10, d 3 = 20, cLt = 29, d 5 = 1, d e = 1, d A = 19, = 51, hence 
+ d 6 + d A +d 00 = 136 which is less than ( 8 + 3 ) - 8 = 9-17 + 4 = 157. 

The dimension estimates for the other Hilbert functions are computed similarly for 
n = 6, 7, 8, 9, 10 by using [Matlab 2011]. In the Appendix we list all of possible Hilbert func- 
tions and symmetric decompositions / = 17 and n = 8. A similar list for n — 6, 7, 9, 10 and 
I < 21 is available at [Bernardi, Marques, Ranestad 2012]. 

We only get one estimate exceeding the bound ( n t 3 ) — n, for n = 10, namely, for the 



Therefore d\ 
d = 1 + di + 



Hilbert function (1, 5, 4, 4, 5, 1, 1), with decomposition (1, 1, 1, 1, 1, 1) 
enumeration of Hilbert functions was however coarse: 



(0,4,3,3,4,0,0). Our 



Lemma 8. There is no polynomial f with Hilbert function Hf = (1, 5, 4, 4, 5, 1, 1). 

Proof. Assume that / is a polynomial with Hilbert function Hf = (1,5, 4, 4, 5, 1,1). First we 
note that the symmetric decomposition of Hf must be (1, 1, 1, 1, 1, 1) + (0, 4, 3, 3, 4, 0, 0). So, 
by Lemma 2, we may assume that / has summands only of degree 6 and 5, i.e. / = fe+fs. The 
leading summand fe of / has Hilbert function (1, 1, 1, 1, 1, 1), so f§ must be a pure power, i.e. 
fe = xi 6 . Furthermore, Hf(l) = 5, so we may assume / = x± 6 + f$ with f§ <E K\x\, . . . , X5}. 
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Consider the Hilbert function Hf 5 of /s. It is symmetric and has if/ 5 (l)>4 and 
Hf 5 (2) > 3. If H h {2) = Hf 5 (3) = 3, then, by the Macaulay growth bound', cf. (1), we 
get 4 < iJ/ B (4) = Hf 5 (l) < 3, which is a contradiction. Furthermore, if Hf 6 (l) = 4 then 
fs G K[x2, ■ ■ • , x$] and so H/ 5 (4) = 3, a contradiction. Therefore Hf 5 — (1, 5, 4, 4, 5, 1). 

Set f$ = xig + ft, with g E -f^[#i, • ■ • , X5] and ft. G K [x 2 , . . . , X5]. We consider the Hilbert 
functions Hh and H g of ft, and g respectively. Since at least one degree 3 partial of / must 
involve xi 3 , we have Hh(2>) < 3, so it is, as above, bounded by (1,3,3,3,3, 1). In particular 
ft = or 1 < H h (l) < 3. 

Since if/ (4) = 5 and yi(/) has degree 5, the partials y 2 (f) = y 2 {h), ■ • -,2/5(/) = J/sC/b) 
are linearly independent and have order one. Thus 

xi 4 , xiy 2 {g) + y 2 (ft), • ■ • , x x y b {g) + y 5 (h) 

are linearly independent. 
If ft = 0, then 

Ls(yi 2 (/)), y 2 {f),---,y 5 {f) = x 1 i , ari2/ 2 (£f)i---)^iJ/5(fl) 
are linearly independent leading summands of partials of degree 4. But then 

Ls(yi 3 (/)), yiy 2 (f ),■■■, yiy 5 (f ) = xi 3 , y 2 (g), ■■■ ,y 5 (g) 

are linearly independent leading summands of partials of degree 3, a contradiction since 
ff/(3)=4. 

If = 1, then we may assume that y 2 (h) = j/3(ft) = y^h) = and ft = X5 5 . But then 

xi A , Xiy 2 {g), xiy 3 (g), x x y A (g), £12/5(9) + x 5 4 
are linearly independent, and hence 

xi 3 , 2/2(ff), 2/3(5), 2/4(3), 
span the space of leading summands of partials of degree 3 of /. So 2/5(3) belongs to 
(^l 3 , 2/2(3), 2/3(3), 2/4(9))- By a change of variables, we may assume that 2/5(3) = 0, an d 
therefore that X5 4 is the leading summand of a partial of degree 4. But then X5 3 is the 
leading summand of a partial of degree 3, i.e. X5 3 G (32(3), 2/3(3), 2/4(3)}, which contradicts 
the fact that 2/5(3) = 0. 

If Hh(l) = 2, then we may assume that y 2 (h) = 2/3(ft) = and ft = X4 5 + X5 5 or ft, = 
while 2/5(3) S (a; 1 3 , 2/2(3), 33(3), 94(3))- % change of variables we may assume 2/5(3) = 0, and 
therefore that X5 4 or X4X5 3 is the leading summand of a partial of degree 4, i.e. X5 3 or X4X5 2 
is the leading summand of a partial of degree 3. Thus 

£i 4 , xiy 2 (g), ■-.,x 1 y 4 ,(g) +y 4 (h), y 5 (h) 
are linearly independent. So 

94(3) e (^l 3 , 92(3), 93(3), y5 2 (h)). 

But 95(9) = 0, while 95 3 W # 0, so 94(9) G (xi 3 , 2/2(9), 93(9))- Therefore, by a change 
of variables, we may assume that also 94(9) = 0, which means that the partials of ft arc 
independent of the partials of 9, and hence Hf(3) > 1 + H g (3) + Hh(3) = 5 > 4 = Hf(3), a 
contradiction. 

If Hh{l) = 3, then we may assume that y 2 (h) = 0, while Hh = (1, 3, 3, 3, 3, 1), and hence 
ft have three independent partials (h±, h 2 , /13) of degree 3. 
In particular, 

xi 4 , £192(9), £193(9) + 2/3 (ft), £194(9) + J/4 (ft), x x y b {g) + y b {h) 



1!) 



are linearly independent, while the space of cubic forms 

(xi 3 , 2/2 (g) , 2/3 (g) , 2/4 (g) , 2/5 (5) , hi , h 2 , h 3 ) 

have dimension at most 4. Thus 2/2(3), 2/3(2/), 2/4(2?): 2/5(3) S {xi 3 ,hi,h 2 ,h?) . Observe that 
2/2(3) ^ (^i 3 ), otherwise xi 4 and £12/2(3) would not be independent, so there is a j/;, with 
i > 1, such that y 2 y l (g) ^ 0. But y 2 {xi 3 ) = y 2 (h l ) = 0, so 2/1(3) ^ (x 1 3 ,h 1 ,h 2} h 3 ), contra- 
dicting the above. 

□ 

The results of our computations, applying the Proposition 2 to all possible Hilbert functions 
H and symmetric decompositions A, may therefore be summarized as follows: 

Proposition 3. The dimension of the subscheme Vi of polynomials f £ K[x\, . . . ,x n ] with 
dimx Diff / = I is bounded by 

dim Vi < ^ - n - (n + l)(c(n) - i - 1) 

w/ien 11 < Z < c(n) — 1 and 6 < n < 10. 

With Lemma 1 this concludes the proof of Theorem 1. 
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Appendix 

Here we list all the possible Hilbcrt functions H and their possible symmetric decompo- 
sitions for which n = 8, = 17 and that satisfy the Macaulay growth condition (1). All 
the computations are done by using [Matlab 2011]. For all of them we will write the corre- 
sponding value of d = X^xW 15 -* + + doc as computed in (15). For 11 < Hj^ < 16 the 
corresponding list of Hilbcrt functions can be found in [Iarrobino 1994] §5.F. 

We explain here the compact notation that we will use: The Hilbert function decomposition 

H = 1 4 5 4 1 1 1 
A = 1111111 
A 2 = 0343000 

is written 

(1,4, 5,4, 1,1,1)=> (1,1, 1,1, 1,1,1), (0,3,4, 3,0, 0,0). 

The fact that (1, 1, 1, 1, 1, 1, 1) and (0, 3, 4, 3, 0, 0, 0) correspond to Ao and A 2 respectively, is 
clear from the centre of symmetry (A a is symmetric about (5 — a)/2 as remarked in Propo- 
sition 1 following [Iarrobino 1994, Theorem 1.5]). 

Here the list of all possible Hilbert functions with = 17: 
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0,0,0,0,0,0,0), d = 120. 

1, 1, 1, 1, 1) -+ (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (0, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0), 
0,0,0,0,0,0,0), d= 120. 

1,1,1, 1,1) -»■ (1,1, 1,1, 1,1, 1,1, 1,1,1), (0,1, 1,0, 0,0, 0,0, 0,0,0), 
0,0,0,0,0,0,0), d= 114. 

1,1,1,1,1) -> (1,1, 1,1, 1,1, 1,1, 1,1,1), (0,6, 0,0, 0,0, 0,0, 0,0,0), d= 108. 
1,1,1,1,1,1) -+(1,1, 1,1, 1,1, 1,1, 1,1, 1,1), (0,1, 1,1, 0,0, 0,0, 0,0, 0,0), 
0,0,0,0,0,0,0,0), d= 124. 

1, 1, 1, 1, 1, 1) -> (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (0, 2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
0,0,0,0,0,0,0,0), d= 124. 

1, 1, 1, 1, 1, 1) -»• (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0), 
0,0,0,0,0,0,0,0), d= 119. 

1, 1, 1, 1, 1, 1) -► (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (0, 5, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), d = 114. 
1,1,1,1,1,1,1) ^(1,1, 1,1, 1,1, 1,1, 1,1, 1,1,1), (0,1, 1,0, 0,0, 0,0, 0,0, 0,0,0), 
0,0,0,0,0,0,0,0,0), d = 123. 

1, 1, 1, 1, 1, 1, 1) -»• (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1), (0, 4, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 



d = 119. 

1,4,1,1,1,1,1,1,1,1,1,1,1,1) -> (1,1, 1,1, 1,1, 1,1, 1,1, 1,1, 1,1), (0,3, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0), 
d = 123. 
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